
:(Betrand's Ballot Problem)

A -> receives 200 votes

SB-> receives 100 votes, 300 voters

assume each voter i.vid. Ivotes for A

up. I votes for B. What's the prob
A is always ahead throughout the count?

Si
LetSu be the number ofvotes Agets

- the number ofnotes i gets at the
moment then-th voter votes.

"EnSince all voters are vivid,Sn=Ii=1
with movements fo, 72, imid.

If the i-th voter votes for A => Ti =1
If the ith roter votes for B =>Ti= - 1



So IP (T= = 1) =1P(ti=-1) =.
A

[Sn) is SSRW

IPCAis always ahead) =IP(Sn >0 for Frx1)
time n c (1,2, - --), we know S300=

-
-

200-1001/00
-
-

condition

Actually wantto calculate

IP(X (=n=300, Sn>0/S300 =100)

=

=300,Sn>0,5300-10
IP(S300 =100)

ends at (300,100)
-

# of SSRW paths that is always positivea
--

#of SSRW paths that ends at1300, 100)

For SSRW, all paths have same probability of
appearing



First count # of SSRW paths thatends at
(300,100)

300 increments

E
assume I increments take
value 1,300-K incrE They add up to 100
take value - 1

-
sum =K-1 +(300 - k).(-1) =2k-300=100

H

#200

so # ofpaths:)
--



Then, countofpaths thatare always positive
and ends at (300, 100). - Forlit

Sn=b>0
x

count of

paths that

so

er -->never hits 0.·sofa
Il

I

I#of paths with So=a > o, ends at Sn=b>o

and has hit 0 in between

#ofpaths with So: -aco, ends at
Sn=b >0

Reflection Principle
* Important

Consider complement, Trick.

count of paths that has hit o

and ends at1st,
withst
-



By reflection principle,

thismathsthatstarts atthe

-

299 increments, Hoadd
up

↓ 101

200 incr taking value (599 inar taking value
- 1

↓

(28:)



the # of paths thatstarts at Si=1, ends at

S300 =100
-A

299 hor, add up
to99

H

199 incr value 1,100 incr value

↓
- I

(ii)
numerator -(Y),(288)

#ofpaths ends at 5300=100
and stays positive.



1P(-) =
(ie(2:8)
(2)
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-1100=

mark:
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a =200, b= 100,

IPCAis always ahead)=

-!=li


