
12 . 3 :3 ; <Xu) is Markov cham with countable
-
-

state space S , transition matrix P . If (Xn]
is irreducible and recurrent

,
and 4 : Sts

bounded s.

tij4()4Asmonicthen 4 is constant.

P :

From what we have proved , [4(n)) is

super-MG and it's a .s . bounded
,
so

4(Xu) converges a .s . by MG convergence thm.

However
,
(Xn) recurrent so <4/Xni) is recurrent.

If 4 is not constant , wi . e
.

range (4) contains

a, b ES , atb ,
since (4(Xn)) irreducible

,

starting from 4(Xo)= a, (4(Xu)) visits a and b

infinitely often a . S
., contradiction with a .s.

convergence !

analogue to : super-harmonic functions on IR2
bounded from below is constant.



Another e.g . of using MG techniques to prove

analysis argument :

Consider f:-> IR bounded, satisfying V(X , y) z ,
f(x ,y)=

f(x,y+1) + f(x,y- 1) + f(x-1 , y) +f(x+1 , y)- then
4 &

suchf must be constant. interpretation :
:
Consider(Sn) as a SRW

a
,
then Sisulin

a MG
,
since it's non-neg, function value = local

it converges as. average of function values
on neighboring grid pointsSince (Sul is recument

, (f(Sn)) is also recurrent,resulting inf constant.

The result does not necessarily hold on Ed (d > 3)
since SRW is transient on Ed (d>3).






