
e.g:(Xn) MC, statespace 3= 91,2,37,

P=(,), initial dist
at
=(55),

find probi

(a):1P(X1=2)x3 =1)
arene marginal of Xi

consequence E 2T.P

Bayes thm; margmal of X3:
3>2T.1

=A
x1 =2) ·IP(X, =2)

1P(X3=D

-

(TP)2
-

(xT.P3),



(b):P(X5=1)A3,A
-

presentB past future

IP)future) past, present)

-

x=2)=3)
- BC

IP(2X1 =2, X2=3)-
A

IP(AB)
IP(A)B)=FTB) aditionSet

A=(x1=2,X2=5

en -
if I set PAC:=P(-1A)

then

)=(BC)IPx(C)

probability↑PAC.) =IP)./A) is

shemost
Markov=2) x2=3) I recentthingproperty (P(X =2/ X2

=35 happeninginters!



presentfuture past-

-> ()

!(4432 · IP(X5=1(X==3)

=(P(X=2,X5=1/X=3)
=

-

X2=3) .IP(X)=2x2=3,x1)

(PYs2

Markor((P(X=2/ X51)-

Property, (45)32

=xP412
(p5)32



/Xni MC, En=(Xn, Xnti) GIR2

H 2-stephistory of SXn7.

prove:[Inis a MC in IR2

IP(Enti=in+il Zo =io, Zi =2, --, zn=in)--
↓Ent*xnmostitrecent,IIapply Markov propertyof (xn)

IP (En+1= in+11 En =in)

headI
e.g.Continue flipping coin tailo
what is average

number of flips to make

until we see two consecutive heads? (6)

#

: LetXn be the outcome of the n-th

com flip, so X,X2, --. z.z.d.

IP(X,=1) =1P(X1=0) =1
2



=>(XnT is MC = En=(Xn, Xn+1) must

also be MC.*

Let T be the num offlips until see two

consecutive heads

Ifirsthitting
time

T =inf(n:En=(1,17 +2

want to calculateIET

Initial Dist:
e

Zo

⑰(0,1,
1, 0, 1, 1

-
11

W.P. I

ET=IE(TECT/z0)] =1 xieeey*"
en

+4x(0,1) +4x1=(1,0]
+4*=(1,1)



Transition prob matrixfor SEn7: ↑
(0,0) (0,17 (1,0)

- I 0
(0,0)
-

2
ne

-
I L

C0,17 = 0 2 2X31,07 I I ! 0
2

I E
31,17 0 0 2

IP (2n+1 =(0,0)/zn=(0,0)
=1P(Xn+1=0,Xn+2=0/Xn=0,xn+1 =0)
- I

IP(En+1=(1,0)(En=(0,0)
E ↳=1P(Xn+1 =1, Xu+2=0/Xn=0, Xn+1=0)
-

contradiction
=D



Ian expectation itself
Ls: average numof flips until see two

consecutive heads starting from Zo =S,

seS =( (0,0), 10, 11, (1,0), (1,137↑
state space ofEnt

X
waste one10,0)
Transiting

210,0) = =x(1 +2,0,x) +Ix(,+2(0,n)
discuss the value of EI) waste one time

I transitiy (0,0->(0,1)

210,1 =1x) +xx,0) +Ix(1 +2)

2x1,0) =2x(+x10,0)+2x(1 +x10,1)

d1, =0+2 =

21 solve this linear system

210,0 =2x1,0),X(an =2x)1+dx,a)+E2x1,0)=Ix(1+2(1,0) +2x(1+2(0,n)



EI(x1,0)
=I +I +=x10,1) =1 +I2(0,1)

2(0,1) =Ix(1 +dx,x)+

=>(10,0) =8
210,1 =6E 2(1,0) =8

L &(1,1) =2

1T =4.(x(0,0 +d10,1 +(x,x) +dx,x)

=(8 +6 +8+2) =1)



e.g: (Xn7 is not MC, while SEnT can be MC.
--

In has statespace (0,17, and

if Xn-1=0 and Xun =0, Xn =30E

I ifXn-1 =0 and Xn-2= 1, Xn=
o ~.p.I, wp.

if Xn-= 1 and Xn-z=0, Xn=0 w.p.1 p.
if Xn-=1 and Xn-z=1,

I x=50w

P(Xn= 1/ Xn=2=0, xn - 1 =1) =cessarilybut
equal

1P(Xn=1/ Xn - 1 =1=4x1P(Xn-c=0) +Ex
1P(Xn-2=1)



Consider (En7:Statespace ( (0,0), (0,1), (1, 0),
31,137,

IP(Ent1 =(0,0)/zn=(0,0)
=1P(Xn+1=0, Xn+2 =0/Xn=0, Xn+1 =0)
- -

=IP(Xn+z=0/Xn=0,xn +1 =0) =I

1P(Zn+1 =(1,0)) zn =(1,1))

=IP(X1, Xn+=0/Xn= 1,1)
=(P(Xn+2 =0 Xn=1,Xnx =1) =5

So:one-steptravisitionprob ofSEn7
is well-defined!(En) still M2!
-

I * Important
since it turns non-Markor process

SXnY intoMarkor process (En)!



One-steptransition matrixfor stud in the

de above.examp
(0,0) (0,17 (1,0) (1,1)
t I 0 ⑧

(0,0) 2 2

(0,1) 0 O I I
3

(1,07 I 4 D D

(,1) O 0 I I


