
Diffusion i Edx=
= b(t , xtdt + 6(t , Xt)dWt
--- Xo = X

generally consider it as SDE on IR"
,
so

Xt take value in IR , b : 1R+X1R"-> IRM

6 : IR+XIR" -> /Rnxm with Was m-dim BM
.

Ihm : (Existence and uniqueness of Solution)
Fix T>0 , b : [0 ,T] x1M"-> IM ,

6 : [0 .TxIR"
-> (M

"xm

restricted to time horizon [0,T] and

=c >0, Xte[ ,T, Fxem" , 11b(t ,x)11+1)6(t,x1)

S <c((H)x)))
growth condition

=D>0 , Fte[0 ,T]
,
Xx ,yeIRY ,

11b(t ,x - b(t ,y)(+1)6t,x -6t,y)))- D((x-y))
↳ Lipschitz

under sense of modification

then SPE has migue solution in 22(0 ,53x2)
I

with cts sample path . SXdt
with inner product(x
,-= IES! x=Y= dt



P (Sketch) :

X =

x
Existence: Picard iteration &x

= x+ SbLs,xsds-

L +S6IS,XS)dWs

expect the limit to be the solution

first prove Cauchy in I sense , then specify the

limit, then check it's solution)
To prove <xK7 Canchy in 12([0,5] x2)

1xY -xull = 1x
*

-xl

-(m>n)
= -x)dt
k= n

I

⑳ --> 0 (m , n
- 1)

Estimate IE(X -X)"
=

IE)S: [bLs,x)-bls,x ]ds +
SCs,x - 61s ,x dWs)

=2 -IE(S [b(- +-b)--]ds)+ 2-1z([6- - - x-)

-)
-

Il

-t
2. IE S. Es---6-t]ds
(Ito's isometry)



use Canchy-Schwarz under <fig)=Sfisigisids
(Sof(sids) = Sofsids . Sotds= t.Sofsids

reason we need finite time herizon !
2

=2t-IES: [b( -- - b) - --]ds + 2(z)[6-- - 6)--]
-

-- x"s'll -D-1IXs-xslds
=(2x + 2D2) SECXs-xslds
--

=(2D ++ 2 py-See bedsi s

Estimate /growth condition)
1E(Xt -xi = (2 7 +2 c2T) · (1+ 11x11)2
- I

bound contains no t
.

L
..

So combine : IE(X* - x)"(2D"T +2x2). .

proves ***- x dt ->0 (m >n+4)
stail of convergent series

/
x)

, X(k ->4)Now identify the Imit I
-

to prove it's the solution to SDE
,
check

1E(S (s , x )-b(s ,xs)]ds)"- oE 1 (SECs ,x's)-6s ,xs)]dWs)" -O (x-



and such X has its modification since

growth X=-Y[,T]x2)
↓IES 62s ,xs) ds = . IE S (1+1Xs1)d5 <i

proves 956Cs, xsIdBs is cts in t .

Aness' Assume X , X are solutions, by same technique,

#-x+)
= (20+2D4Ys)ds

Grownwall : VtE[0 ,T]
,
IE(X-XE)* = 0 so Xz =Yt a . s

.

X ,* are modification of each other .

#

From now on , only focus on the case where

E and
uniqueness holds

.



Infinitesimal Generator :
-

dx= = b(t ,Xtdt + 6(t , Xt)dWt
has its solution Xt as its Markor process but
not nece time - homogeneous .

To simplify , first consider the time-homogeneous
version

Edx+
= b(x+)dt + 6(X+)dW

Xo=x

with solution to be time-homou Markor
process .

&f: Semi-group operator P1f(x)E((f(xt)(X0=x)= 1Exf(xt)

P++sf(x) = 1Exf(x++3) = 1Ex[(x(f(x++s))4E)]
- Ex (Ex f(Xs)

=1Ex Psf(Xt)

=
P= Psf(x)

So

PPsPt , with f = B
,
its

1Px(X=GB) , the
transition Kernel

.

-
-



ef : Infinitesimal generator I him
d

derivatiy at time O

of semi-grap op
#

: (Rep of infgen) For feCI(IRY),

If = b · If + Tr(66332f)
,
i-e

.

2f(x= ,big 166tig
f: Ito formula

Pafix= IE ) = 1Ex[f(xx + (f(x) . dXs+ Ix

So !x,x]
Stochastic integral

= f(x)+ 1Ex[)0f(xs) : b(x))ds + S! f(xs) . 6/XsIdW's-
+ See, bakbik(Xsds]

SIXE = -dt + GuidwL+--+ GindW IdX== - dt + 6j , dW + - + 6jndWE

So 2f(x)
=
lim lExS! f(xs) : bIxsIds+En
-

n-b h

(IVTh
lim Extf(x) . bIXe)+ bingi /Xe-

-

h- D for some Te[0 ,n] .
jets path DCT)I

-
- -f(x) -blx+ 166tig(x)



Example : X= =Wi is n-dom BM (m=n)
,

eg : then dX==dWt with Sb=06 = In

so &= =Trf). ==* acan
28

: Graph of BM: Xt= /t ,Wee IR"

where WE is I-dim BM .
Then Xt is a

diffusion

(axt
= dt

written in matrix form
dXE = dWt

ax=f] = (6) a+ + [i]dw ,
b= [0) , =[i]

so consider f : IR
*
-> IR

(t ,x) + f(t,x)

2f(t , x) = Gyf(t ,x) + =(xxf|t ,x) ,

2= 8 t + 10xx
heat operator

↳im



=> an operator acting on fi/R-> IR
e.g

: If 2= # wxx
,
construct underlying diffusion

can set b =0
,
6-F so

-xdWt
also can set b= 0

,
6= -/ so

Ex=dWE
can try BM with higher dim (m=2)

Set b=
,
641R2

,
6 = 26, 67 ,

66= 62+620

with 1= 62
. wxx

, so can set /El
to get diffusion dX== dW1+x= dWE
-

(just recall existence & uniqueness condition !)



Interpretation : p . Pu= Pu . Pt=>= L . Pt-

I Im
Pt
= 4- - it
-

at this point , heuristically , Pt = -ht provides
another connection .

mark : Rep of inf gen also correct for
-

time - inhomo diffusion but

⑭ = L-P= = Pr - L not hold !

Since Ptth FPA · Pr
transition rule depends on[4=tn Pn . P

time !

-

Important since

f(xx) = f(x+ ) ! 2f(xs)ds + S0f(xs)6(Xs)AWS
n
collects all terms contributes to expectation

↳* &
shows connection with PDE



e.g: What if fill"->IR Hamonic,of=0 , we know
2= 0 if diffusion [xth is just BM .

Take BM <BAT
,
Bo =x so

1f(B1) = f(x) + (E) =0 f(Bs)ds = f(x)
mean

now combine with optional stopping the in

probability that 1Ef(Bt) = 1Ef(BC)
Since IEI < is

xe
T is first Littiy time⑧ to

any closed loop contending
X inside

we get 1Ef(Bz) = f(x)
* Generalized mean-value property of

harmonic func
.

<x-
EE~·

just drop BM particle at X
, see where it hits

closed loop , evaluate # there and take
expectation,

can recover f(x) !



-mKolmogoror Equation :

dx= = b(t,Xt)dt + 6(t ,Xt)dW= diffusion

consider ult ,x)= (E(f(x)) X==x) with a finite

where does this func come from ?

background from value function (control)
time horizon [0 ,%] . How can I describe tune

u with PPE?

Perturb the time t to Eth for Eh>0 , Eth=T

~ult, x)= 1E(1E[f(x)/=+n](x+=x)
= IE [u(t+h , X+ +n)(X+ =x)
I

,E [UltiXt)+SIC-Cs, xsids+Stoxuls,xs
dXS

+ (Exxus,xs)dx ,x)s(X+= x]
- ult ,x) +E [SE+2)uLs .Xsids + SEwxULS,XS)- ~ ~6(s ,XsidWs

|x==x]
So (ES (5-2) uLs ,xsids/X==x]= 0



So a 2)uls,xsdSx
=

↓ IVT
,
its path of (Xx7

(8++1)n(t , 1) = 0

So BKE is (AA+L)U = 0
forward SPEE u(T, x)= f(x) H -
backward PDE

conversely , if BKE is satisfied
,
a must have the

form of conditional expectation .

Stency!



-*lmogoror Equation (FKE)
:

(skip if no time)

dXt= b(t ,xt)dt + 6(t,x +)dW- as diffusion on IR :

let Plt,A denote PDF of Xt , for each given t ,
*

space variable (P(t ,x)dx = 1
.

Observe (E(f(x+)/Xo-Po) = 1E (TE(f(xT)/xt) /Xo-p]
= It (u(t ,x-)/Xo-Po)
=Sult,x) - y(t,)dx

holds for FtIT so take It to get
· ful ,x) .pl ,x)dx = 0

↓

Scan . pdx+(u . xzpdx =0
↓ plug m BKE (8++2)u= 0

- Sau . pdx+ Su . xdx = 0
let 2

*

be adjoint of & under inner product

<f ,g) = (f(x -g(x)dx22



Then S2n . pdx= Su .2*p dx

So Ju . ( 2
+
+ (1)pdx = 0

vary auxiliary
func -> so that

u traverse through a dense subset

of 12 function space

H

(17 - 2*)P
= 0 Fokker-Planck, describes

the evolution ofpax = Law(Xo)
prob meas, forward

↑

To get expression
of 24 , in 1-dim

,

<27 ,g) z
= ((b-xxf+ :xxxt) . 8 dx
= (wx)b .g) . fdx - I(xx(62 .g) -xf dx
= (wx(big) ·fdx + (2xx)6g) · f dx

= S[(x)by) + xxx16) · f dx
Il action of 2

*

=<f , 2
*

8)=2

by integration by parts .



Similarly , we can denie I
*

in n-dim that

2*g
=
- divx(b .g) + =TrExx(66g)]

example: For On process,
dx= = 2(m- x t)dt + 6dWt , by solving it , we

know that NIm , ) is invariant distribution
.

Now we can solve with EKE :

24 = - (x(b - p) +=2xx(62 - p)
= 2 -(- (m-x) -xx)+ xx

So 2p - <(m-x)(x + xx = 0= P
nee

Folker-Planck

now if You invariant dist , Pl,x) is always
the same regardless of t so Plix= play
not depend on t.

H

(p - 2(m -x . p + Ep = 0
solve to get p(x)

= c. exam
,
since

Spixidx=1 , conclude that px) is PDF of

N(m,)
.



Ihm : (Feynman-Kac Potential
-> potential foC? (running cost in control)

+u+2u+⑰= 0 solution characterized as[ucT
,x = 4x)

↳

ult ,x= 1E(Sf(n,xudn + 4(x+)(x= =x)
C
value func of control problem)if taken int

# :

prob => PDE , same as above
,

tower property , Ito , IVT .

PDE => prob :

Set Ys= uls,Xsi+Sf(u ,XuIdu
,
Ito formula

dYs=C=Us ,XsIds+JxuCs ,xs)dXs +10xxuLs,Xs)
d[X,x)s

+ f(s ,xs) ds

=Juls,Xs)ds +LulS ,Xs) ds +xUCs,xs) · 6(S,Xs)
dWS

+fIs,Xs) ds
if u sol to PDE

,

0dYs = wxULs , Xs) · 6(S,Xs)dWs=
MG

but Y== UCt, Xt) so

-(T)xt)= Y ,
wite out to see



VICT , IE[T)+SEf(a ,xuidulxi) = n(t, x t)

4x proves the conclusion ~
(termmal conditions

Discounted

Inm:

(Feynman - Kac
ru+ zu-/I count factor !
E S

V its ,
lower-bold

W
u(T, x) = 4(x) f EC?

I

ultix= IE e-SEVIs ,XsIds fir, xedr +

e- Stvis, xs)dS Y(xz)/X==
:

Ys = Se- (Erp ,xpido fer , Xr)dr +

e-SEVr , xrdr. us, Xs)

remaining exactly the same .



example: Consider PDE for u(t ,x)

E
ran= wxx + dxxU

↳
u10 , x)= f(x)E initial cond , not terminal !

First Step
: turn into terminal condition

EY(t , x) = u)T-t , x) ,
I= T- t

so Get CY , PDE is the same a

went xx+ xx =0
2 ~E *T

,xform !
find int gen &

sit . In=xxxx+xx

E
b(x)= 2x

so the diffusion is
I
6(x)= BX

dX= = 2X+ d t +Bx= AWE

by Feynman-Kac, i has prob repl
(, x) = =[f(x)/x-c=x] generally we can

so ultix)= [f(x)/Xy-t =# ->
Simulate SDE !



Here we can solve this SDE

E
dXt=2x+ dt +Bx= dWt(GBM)
XT- + = x-

x+ =xe- It+ -)

So ult,x) = 1E f(x-ed-t + Yt)
W-N10.

= S. felt-t+ )dyne
N10 ,t PDF

integral repr of the solution
.



Example : U(t
,x) where x tIR",

E
2= =

Pu + ou
u(0 , x)= f(x)

h

turn into terminal condition [ET-t
,Ediscount part (2 , x) = u(T-2 , x)

so win+ly+ - = 0E =(T, x) = f(x)
So construct I= =** (obviously Xt is n-do

B()
with VIP as constant discount factor

.

By Feynman-Kac ,
(t,x) = 1= [e PCT --f(x))/X= =)
So ult ,x)= IE [ePt . f(x)(Xi-= = x]

with Xt=We as n-dim BM
d

Condition on WT-t=X
, WT=x+WT-t ,

x+Wt

Here there is integral rep ~N(x, t In)

ultix) = ePt . S
,:
(2)

- E
. f(y) .- I dy
- -
-

↑DF



General overview (won't cover details)

Motivation of those constructions and correspondence

generalize

↑ ↓
secial caseS stochastic control

↓ problem numerically solvable

(deep learning)HIB FBSDE

BSDE

special case - generalizedI -
↑

(eguman-ka)L condence
comes

semi-linear PDE

typically those look like

revit ,x)+ Tr (66 (t,x) - 0xxvit ,x))>+ inf [b1 ,x,d) : xxvit ,x)↓
+f(t, x,x)) = 0

suncontrolled volatility)


